The supercurrent of a quantum point contact coupled to a nanomagnet strongly depends on the dynamics of the nanomagnet's spin. We employ a fully microscopic model to calculate the transport properties of a junction coupled to a spin whose dynamics is modeled as Larmor precession brought about by an external magnetic field and find that the dynamics affects the charge and spin currents by inducing transitions between the continuum states below the superconducting gap edge and the Andreev levels. This redistribution of the quasiparticles leads to a non-equilibrium population of the Andreev levels and an enhancement of the supercurrent which is visible as a modified currentphase relation as well as a non-monotonous critical current as function of temperature. The nonmonotonous behavior is accompanied by a corresponding change in spin-transfer torques acting on the precessing spin and leads to the possibility of using temperature as a means to tune the back-action on the spin.
I. INTRODUCTION
Spintronics devices, which utilize the spin degree of freedom, have already revolutionized read-out technology used in hard drives. 1, 2 In conventional spintronics, the transport properties of a device typically depend on the relative orientation of the spins of electrons with respect to a reference, which may be a magnetic field or a magnetization direction of a ferromagnetic layer. 3 The challenge of downsizing electronic devices has lead to the study of transport properties of non-magnetic single-molecule devices such as diodes 4 and transistors [5] [6] [7] as well as devices containing single-molecule magnets (SMMs). 8 The interest in SMMs stems from their long relaxation times at low temperatures 9 and their display of a wide range of quantum physics phenomena. 9, 10 Studies on SMM devices include for instance three-terminal devices, [11] [12] [13] [14] [15] [16] [17] supramolecular spin valves, 18 and inelastic tunneling spectroscopy.
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Interesting spin phenomena may occur when ferromagnets are combined with superconductors (see 20 and references therein). Cooper pairs in a conventional superconductor have spin-singlet pairing which, if the superconductor is interfaced with a ferromagnet, extend into the ferromagnet. However, the exchange field inside the ferromagnet tries to align the two spins of the Cooper pairs and hence breaks the Cooper pairs apart resulting in a rapid decay of the superconducting correlations inside the ferromagnet. For the same reasons, the critical current of a Josephson junction with a ferromagnetic layer sandwiched between the two superconductors decays rapidly with increasing thickness of the ferromagnetic layer. [21] [22] [23] [24] On the other hand, if weakly ferromagnetic interfaces with magnetization directions differing from the magnetization direction of the ferromagnetic layer are inserted, the spin-singlet correlations may be transformed into spin-triplet correlations which can survive over a long range within the ferromagnet layer. [25] [26] [27] [28] [29] As a result of this non-collinear magnetization of the ferromagnetic layer, the critical current decays similarly to a supercurrent in a non-magnetic metal with increasing junction length. 30, 31 Also interaction between spin and charge supercurrents has attracted attention. [32] [33] [34] [35] Recently, interest in coupling between the dynamics of magnetic moments and Josephson currents has increased.
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In Refs. 42 and 43, it was found that spin-singlet to spin-triplet conversion can be generated by a nanomagnet such as a SMM or a ferromagnetic nanoparticle coupled to a Josephson junction 44 provided that the magnetization direction of the nanomagnet precesses.
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The spin-triplet correlations enable spin currents to exist close to the junction interface despite the s-wave nature of the superconducting leads. The spin currents generate a spin-transfer torque acting on the nanomagnet and its effect may be measurable in a ferromagnetic resonance (FMR) experiment 46 as was suggested in Ref. 42 . Refs. 42 and 43 focused on charge and spin currents as well as spin-triplet correlations at zero temperature and in equilibrium junctions. Here, we instead investigate the effects of the spin precession on the critical current and find that the critical current is enhanced at high temperatures. This enhancement is due to a redistribution of the population of states caused by the precessing spin and is also visible in the current-phase relation (CPR). The redistribution of quasiparticles also affects the spin currents, which change abruptly as a function of temperature when the critical current is enhanced. The paper is organized as follows: In section II, the model of the superconducting point contact containing the molecular magnet is described. The approach to solving the spin-active boundary condition created by the molecular magnet is then described in section III. Subsequently, the results are discussed in section IV starting with the Andreev levels and their population. Then, the charge currents and spin currents are discussed along with the induced spin-triplet correlations associated with the spin currents. Finally, the results are summarized in section V. Appendix A details some of the calculations in section IV.
II. MODEL
Here, we consider the same junction model as in Refs. 42 and 43, i.e. two superconducting leads coupled over a nanomagnet, schematically depicted in Fig. 1(a) . The nanomagnet may be a SMM or a ferromagnetic nanoparticle and is subjected to an external effective magnetic field, H, which couples to the spin of the nanomagnet, S, through the Hamiltonian H B = −γH · S, where γ is the gyromagnetic ratio (see Fig. 1(b) ). We treat the spin classically and assume that the effective magnetic field is applied at an angle ϑ with respect to the spin. In this classical limit, the effective magnetic field results in a torque acting on the spin,Ṡ = −γH × S, causing the spin to precess with the Larmor frequency, ω L = γ|H|. The effective magnetic field is taken to be applied along the z axis and hence the spin, S, can be parameterized as S(t) = Se S (t) where S = |S| is the magnitude of the spin and e S (t) = cos(ω L t) sin ϑe x + sin(ω L t) sin ϑe y + cos ϑe z . The two superconducting leads are then coupled over the nanomagnet leading to a complete Hamiltonian given by H = H leads + H B + H T , 47, 48 where H leads describing the leads is the BCS Hamiltonian with the superconducting order parameter ∆(T )e ±iϕ/2 , where "+" ("−") refers the right (left) lead. H T is the tunneling Hamiltonian,
, where the hopping amplitude is given by
and σ = (σ x , σ y , σ z ) consists of the Pauli spin matrices. The first term of the hopping amplitude describes spin-independent tunneling, while the second term corresponds to spin-dependent tunneling and depends on the instantaneous direction of the spin, S. The projection of S along the z axis leads to different tunnel probabilities for spin-up and -down quasiparticles while the transverse components of the spin lead to spin flips. Moreover, we assume that the tunneling quasiparticles are affected only by the exchange interaction with the nanomagnet and that the external magnetic field does not couple to the leads or directly to the tunneling quasiparticles.
III. APPROACH
We use non-equilibrium Green's functions in the quasiclassical approximation [49] [50] [51] to calculate the current through the junction. 52, 53 The quasiclassical Green's functions are propagators for quasiparticle on classical trajectories. An incoming propagator describes quasiparticles with trajectories leading into the junction interface, i.e. v F ·n < 0 wheren is the surface normal and v F is the group velocity of the electron-like quasiparticles. Conversely, outgoing propagators describe quasiparticles having trajectories leading out from the interface, v F ·n > 0. The spin-singlet superconductivity of the uncoupled leads can be described by spin-scalar Green's functions. However, to accommodate for the effects of the spin-dependent scattering caused by the nanomagnet, the Green's functions are parametrized as consisting of both spin-scalar (s) and spin-vector (t) components as
where X stands for retarded (R), advanced (A) and Keldysh (K) Green's functions and the hat ("ˆ") denotes matrices in Nambu-spin space. The components f . The precessing magnetization of the nanomagnet constitutes a time-dependent, spin-active boundary condition that can be solved by applying the unitary transformationÛ
which results in a transformation to a rotating frame of reference where the Fermi surfaces of the spin-up and -down bands are shifted with ∓ω L /2. This transformation also shifts the gap edges as follows: The upper gap edge, ∆
In this rotating frame, the precessing spin, S(t), now appears static and points along the direction e S = cos ϑe z + sin ϑe x . Replacing the hopping amplitudes V 0 and V S by their Fermi surface limits, v 0 = πN F V 0 and v S = πN F SV S where N F is the normal density of states at the Fermi energy, the hopping element in Nambu-spin space readŝ
andv =v1 in Keldysh space. As a first step towards solving the boundary condition, the interface is treated as an impenetrable surface and the quasiclassical Green's functions are found by solving the Eilenberger equation [49] [50] [51] in each lead separately. The resulting solutions, denoted byǧ 0 α with α = L, R indicating the left or right lead, are then connected across the interface using a quasiclassical t-matrix equation, [55] [56] [57] 
which takes the hopping Hamiltonian H T into account throughΓ
In this way, the full propagators for the junction can be obtained aš
whereǧ i(o) denotes the incoming (outgoing) propagator. The difference between the incoming and the outgoing propagators then give expressions for the charge Josephson current and the spin Josephson current per conduction channel as
The details are described in Refs. 42 and 43.
IV. RESULTS
Scattering processes between two superconductors may lead to constructive interference and the appearance of Andreev levels. 58 In the presence of a precessing spin, a tunneling quasiparticle may gain (lose) energy ω L while simultaneously flipping its spin from down (up) to up (down). These additional tunneling processes lead to a modified Andreev level spectrum whose details depend on a number of parameters: The ratio v 0 /v S determines whether the junction is in a 0 or a π state, depending
The Larmor frequency, ω L , determines the amount of energy a quasiparticle may gain or lose during tunneling across the junction. The precession angle, ϑ, determines the amount of scattering between the spin-up and -down bands. The population of the Andreev states is modified by the temperature, T , but also by the scattering processes generated by the precessing spin. This modification of the Andreev level population at finite temperature is the focus of this paper.
A. Andreev levels
In the case of a static spin, for which one can take ω L = 0 and ϑ = 0, the Andreev levels are given by
where
are transmission probabilities determined by the hopping amplitudes v 0 and v S . The two signs of ε ± describe the two Andreev level branches; one that exists below the Fermi surface, ε − , and one that exists above the Fermi surface, ε + . From Eq. (9), it is clear that the junction is in the 0 state if v 0 > v S , and in the π state if v 0 < v S .
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In the limit of v S → 0, but with an arbitrary precession frequency, the Andreev levels in the rotating frame display an effective Zeemann splitting,
↑,↓ . The two branches are then given by
Note that these states are eigenstates only when there is no spin-flip scattering and that spin-flip scattering leads to scattering between ε +(−) ↑ and ε
. The Andreev levels are visible in the density of states as sharp subgap states. The time-averaged density of states is evaluated as
whereĝ
(ε, ϕ, t) and is time independent (see Ref. 42 ). In Fig. 1(c) , the density of states is plotted in the limit v S ≪ v 0 . The sharp states inside the superconducting gap are the Andreev levels, which are split into ε ± ↑ and ε ± ↓ . These Andreev levels are well described by Eq. (11) and their splitting is given by ω L .
Increasing the spin-dependent hopping amplitude, v S , results in scattering of quasiparticles between the split Andreev levels belonging to the same branch. In general, the Andreev levels can be described by
where an analytical expression for Φ can be found as
and the transmission probabilities, D S and D 0 , depend on the precession angle ϑ.
2 , the transmission probabilities are given by
and
The function Ξ σ (v 0 , v S , ω L , ϑ, ϕ) provides the Zeemann splitting which in the general case also depends on ϑ. An analytical expression for Ξ σ can in principle be obtained, but is too involved to allow for simple analytical analysis. The effects of this term are, however, numerically analyzed below. The density of states for a junction with (v 0 = 0, v S = 1) is shown in Fig. 1(d) . The Zeemann splitting in this case, v S ≫ v 0 , can be approximated with ∼ ω L cos ϑ.
B. Enhancement of the critical current
Each Andreev level carries a certain amount of current that is weighted by the Andreev level occupation. In equilibrium for a static spin, the amount of current each Andreev level, ε ± , carries is (2e/h)∂ε ± /∂ϕ while the population of the quasiparticle states is given by the Fermi distribution function, φ 0 . 59, 60 In this equilibrium situation, the lesser Green's functions in Eq. (7) can be written as g
Hence, in equilibrium, the charge current is given by
In a non-equilibrium situation where a superconducting point contact contains a spin precessing with a finite frequency, the current-phase relation is modified. As was shown in Refs. 42 and 43, the Josephson charge current is time independent and in the case of dominating spindependent tunneling and zero temperature, the CPR exhibits abrupt jumps as a function the superconducting phase difference, ϕ. As the temperature is increased, the abrupt jumps are smoothed out and a new step at a phase difference ϕ p develops as can be seen in Fig. 1(e) and (f). This step, which consequently gives a peak in the CPR at ϕ p , is the result of an enhanced Josephson current at high temperatures for phase differences in the interval 0 ≤ ϕ ≤ ϕ p for 0 junctions and for ϕ p ≤ ϕ ≤ π for π junctions. To understand this current enhancement, we now turn to the population of the Andreev levels.
The population of the spin band σ in a non-equilibrium situation can analogously to the equilibrium case be defined as
In Fig. 2(a) , the occupation of the Andreev levels ε , is unoccupied. At higher temperatures, the lower Andreev level is not fully occupied while the upper correspondingly has a finite occupation. In addition, there is also an abrupt change in the population corresponding to the jump in the CPR at phase difference ϕ p . The abrupt change in the population is an effect of the spin-flip scattering processes in which a quasiparticle interacting with the precessing spin may gain or lose energy ω L . These scattering processes couple the Andreev levels with the continuum states provided that ω L ≥ |∆ Fig.  2(b) . The coupling causes quasiparticles to be promoted to the lower Andreev level from the continuum below the gap edge. Quasiparticles in the upper Andreev level are similarly scattered into the upper continuum. If the lower (upper) Andreev level is not completely filled (unoccupied), which is the case at finite temperature, the coupling leads to a repopulation (emptying) of the Andreev level similarly to the repopulation of Andreev levels due to microwave radiation. 61, 62 This process enhances the supercurrent as is shown in Fig. 1(e) and (f). The peak in the CPR at phase difference ϕ p can hence be found from the condition ω L = |∆
|, which can be obtained from Eq. (11) in the case of v S ≪ v 0 , and leads to
where ω L ≤ D 0 ∆(T )/2. As a consequence, ϕ p increases as the temperature increases and the superconducting gap, ∆(T ), closes. The enhancement of the charge current for certain phase differences may lead to an enhanced critical current if the enhancement is large enough. Fig. 3 shows the enhancement of the critical charge current, |j .
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of the quasiparticle occupation. At even higher precession frequencies, quasiparticles can be scattered between the lower Andreev levels, ε − σ , and the upper continuum states, similarly to what was found in Refs. 61 and 62. These processes lead to a decrease of the critical current at precession frequencies ∼ 2∆(T ).
C. Spin currents and spin-triplet correlations
In Refs. 42 and 43, it was found that the spindependent scattering across the junction produces a spin structure of the full propagatorsǧ i,o α . In general, the Keldysh-Nambu-spin matrices of the boundary condition problem have a spin structure that enables them be divided into generalized diagonal matrices,X d , spinraising matrices,X ↑ , and spin-lowering matrices,X ↓ . This spin structure of theǧ i,o α matrices, in particular, is what leads to the non-zero spin current of Eq. (8). The spin current exists close to the junction interface and decays on the scale of the superconducting coherence length. In Refs. 42 and 43, the spin current was found to have a precessing polarization and a term due to the spin-dependent Andreev scattering that can be expressed as j s α,H (γH) × S, which is finite only for temperatures T < T c . This term generates a feed-back effect on the precessing spin in the form of a spin-transfer torque 63, 64 given by τ H = (j The connection between the spin currents and the anomalous Green's functions generated by the precessing spin can be described by relatively simple relations in the case of a small tilt angle, ϑ = δϑ. If the t matrix and the incoming (outgoing) propagator in the case of ϑ = 0 areť
, respectively, then one can show that (see Appendix A) a small tilt angle δϑ > ∼ 0 gives a contribution, δť and δǧ, to first order in δϑ such thať
The first-order contribution to the t matrix has the spin structure δť α = δť ↑ α + δť ↓ α and hence the contribution to the propagators takes the similar form δǧ
and δǧ Using Eqs. (6) and (21), one can write the normal and anomalous Green's functions ofǧ
The normalization condition,
can be used to relate the anomalous and the normal Green's functions. To first order in δϑ, the normalization condition gives for the retarded (R) and advanced (A) components (of both the incoming and outgoing propagators)
where the coefficients
are given by Eq. (A13) in the Appendix. The Keldysh components are
where the retarded-, advanced-type coefficients,F The induced spin-triplet components were quantified using d vectors in Ref. 42 as these are used to characterize the order parameters of spin-triplet superconductors. However, the appearance of induced spin-triplet correlations is related to the transport properties of the junction as well. The charge current in Eq. (7) is given by the diagonal elements ofĝ i/o,< α . To first order in δϑ, the charge current is then given by
i.e. the charge current is identical to its value in the ϑ = 0 case. The spin current in Eq. (8) is given by the tripletcomponents, which also include the off-diagonal elements of the normal Green's functions, and since the z component of δǧ i/o α is zero, the spin-up and -down components of the spin current can explicitly be written as
where the symmetry relations for the retarded, advanced and Keldysh Green's functions were used 54 and the "<" components were obtained as 
V. CONCLUSIONS
In summary, we have studied the non-equilibrium transport properties of a superconducting point contact coupled to the precessing spin of a nanomagnet. First, we analyzed the Andreev levels and their population as a function of temperature. It was found that the precession of the nanomagnet modifies the Andreev scattering in such a way that it leads to scattering of quasiparticles from below the superconducting gap edge into the lower Andreev levels. These transitions are similar those occurring in microwave-irrated superconducting quantum point contacts 61, 62 and lead to a non-equilibrium population of the Andreev levels and an effective cooling of the point contact.
We have also shown that the effective cooling leads to an enhanced supercurrent. If the precession frequency of the nanomagnet's spin is large enough, this spinprecession-assisted supercurrent has an enhanced critical current. The enhancement of the critical current due to the spin precession increases with increasing temperature.
The scattering across the junction generated by the precessing spin leads to additional non-equilibrium processes: Besides the enhanced supercurrent, we have also shown that spin-triplet correlations are created as a response to the scattering processes generated by the spin precessing at a finite angle. Moreover, we have shown that the induced spin-triplet correlations create a spin current. As was shown previously, 42, 43 one component of the spin current shifts the precession frequency of the spin. Here, this spin-current component was studied for the same superconducting phase difference that is associated with the critical current and the magnitude of this component was found to be drastically modified as a function of temperature. The critical current enhancement is an effect of the non-equilibrium processes taking place inside the junction and a measurement of this enhancement would suggest the existence of induced spintriplet correlations since both phenomena have the same origin.
A natural question concerns the experimental control over the junction parameters. Aluminum microbridges can be used to fabricate few-channel superconducting atomic point contacts 68 whose transmission eigenvalues are possible to determine via transport measurements. 69, 70 The superconducting gap in aluminum is ∼ 200 µeV but can be made smaller in an atomic point contact. Typical values for precession frequencies are in the range of tenths of GHz for ferromagnetic-resonance experiments performed on thin ferromagnetic films in contact with superconductors.
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With an applied external magnetic field of ∼ 60 mT, the corresponding gyromagnetic ratio is close to that of free electrons, γ = 2µ B /h. Assuming similar values for the nanomagnet, the precession frequency is in the range ω L /∆ ∼ 0.07 − 0.3 for a junction with a superconducting gap in the range ∆ ∼ 20 µeV−100 µeV.
A direct measurement of the current-phase relation can in principle be done for atomic point contacts 71 . However, this type of measurement requires the addition of a SQUID loop to control the phase difference of the superconducting junction and the magnetic flux through the loop might interfere with the magnetic control of the dynamics of the nanomagnet. Therefore, measurements of the critical current as a function of temperature should be the more practical route to finding experimental signatures of the coupling between a superconducting junction and the dynamics of a nanomagnet and could lead to more insight into the interplay between superconductivity and ferromagnetism. In the limit of a small precessing angle, ϑ = δϑ, the contributions to the t matrices and propagators can be calculated as follows: Starting with a junction with zero tilt angle, ϑ = 0, the hopping element takes the diagonal formv
and the corresponding t-matrix equation iš
where α denotes the left (L) or right (R) lead,ǧ 0 α is the unperturbed Green's function andΓ
This equation has the solutionť
α . Notice that the t matrixť 0 α has a diagonal form due to the spin structure ofΓ 0 α . The incoming and outgoing propagators,ǧ i andǧ o , given by
have the same diagonal form asť 0 α and yield a spin current j s α = 0 (see Eq. (8)). If a small tilt angle, ϑ = δϑ, is introduced, the hopping element is modified intô 
With this hopping element, the change in the t matrix can be written asť
whereť 0 α is the solution of Eq. (A2) and δť α is due to the tilt angle, δϑ. Similarly, 
to first order in δϑ. Due to the spin structure of δΓ α , the t matrix is δť α = δť Using the normalization condition, Eq. (24) , and the explicit forms of the normal and anomalous Green's functions given by Eqs. (22) and (23), respectively, the retarded and advanced normal Green's functions can be expressed in terms of the anomalous ones as We have thus shown that a small tilt angle, δϑ, produces spin-flip scattering that combined with Andreev scattering processes leads to spinful anomalous Green's functions, δf ↑/↓ , that in turn generate off-diagonal, spinful normal Green's functions, δg ↑/↓ . Consequently, the spin current given by Eq. (8) is non-zero as a result of the induced spin-triplet anomalous Green's functions.
